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ABSTRACT 

This study was designed to determine students' 
abilities and difficulties in articulating the relationship between 
function and derivative. High-school students were presented 15 
problems during two 75-minute interviews in which they were asked to 
construct functions experimentally in three different contexts: 
motion, fluids, and number^change. In each of the environments the 
students utilized tools, ranging from computer software to 
manipulative materials, that enabled them to generate functions. 
Analysis of the interviews indicated that students had the tendency 
to assume resemblances between the behavior or appearance of the 
function and its derivative in all three contexts. Three types of 
cues that activated resemblances in the predicted functions were 
identified: S3mtactic, semantic, and linguistic. Approaches that 
students used to move from the derivative to the function and 
vice-versa are described. A case study of one 17-minute episode of a 
student working with an airflow device describes the evolution of one 
such approach. The report concluded that the construction of such an 
approach was complex and that tools to explore the mathematical ideas 
helped frame the interviewer/student discourse through which the 
approach was developed. (MDH) 
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Preface 



TERC is a nonprofit education research and 
development organization founded in 1965 and 
committed to improving science and mathematics 
learning and teaching. Our work includes research 
from both cognitive and sodocultural perspectives, 
creation of curriculum, technology innovation, and 
teacher development. Through our research we strive 
to increase knowledge of how students and teachers 
construct their imderstanding of science and 
mathematics. 

Much of the thinking and questioning that informs 
TERC research is eventually integrated in the curricula 
and technologies we create and in the development 
work we engage in collaboratively with teachers. 
Traditionally, TliRC staff present their research at 
conferences and report their studies in journals. By 
launching the TERC Working Papers series, we hope to 
expand our reach to the community of researchers and 
educators engaged in similar endeavors. 

The TERC Working Papers series consists of completed 
research, both published and unpublished, and work- 
in-progress in the learning and teaching of science and 
mathematics. We are introducing the series with four 
papers and will add papers at regular intervals. 
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Introduction and Methodology 



Hie relationship between a function and its derivative is a central theme of calculus. As 
sucK it is dosely connected to some concepts that are normally induded in formal calcu- 
lus courses, such as limits, continuity, and convergence. Although mathematically com- 
plex, the function/derivative relationship is embedded in many contexts of daily life, 
which allows us to construct intuitions from an early age. These intuitions allow students 
who have never taken calculus to timk about, precUct, and discuss situations involving 
functions and their derivatives. 

Many studies have described students' abilities and conceptual difficulties in dealing with 
such problems (Qement, 1985; McDermott, Rosenquist, & van Zee, 1987; Monk, 1990). 
Particularly relevant for this paper is the soolled "hdght/felope misconception" in which 
the student seemingly confuses the slope of a line with its height in a Cartesian graph. 
Figure 1.1 shows a typical problem. 





Figure !•! 


Position 










^ Time 




t=2 


Question: Which car is going faster at t=2? 


Student's answer: A 

1 



The correct answer to the problem is B, siace the slopes of the lines represent the 
velocities. Some authors (Qement, 1985; Janvier, 1978; McDermott et al., 1987) distin- 
guish two possible sources for this mistake: a representational one (e.g., "higher" in a 
Cartesian graph means "more," or the slope of a line is not mearungful to the student) and 
a conceptual one (position and velodty are not adequately distinguished). Another 
relevant distinction, elaborated by Monk (1990), is between point and across-time analy- 
ses of a function. The problem above can be seen as an across-time problem, in the sense 
that it might require the student to visualize the variation of position ever time for each 
car when t is dose to 2. Monk hypothesizes tiiat students might instead be biased toward 
a point analysis, accordir\g to which the answer ought to be a comparison of point-values 
on the two curves corresponding to t=2. 
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Hiis paper is part of a study of students' abilities and difficulties in articulating the rela- 
tionship between fi^nction and derivative. However, the problems we worked with were 
posed in a different context from those described in the literature. We provided students 
with one of three contexts in which they could construct functions experimentally: 
motion, fluids, and numerical integratioa 

In each of the three environments students had a set of tools that enabled them to gener- 
ate functions and thereby explore their conjectures about the shape of a functioa For 
both motion and air flow, studeiits could produce curves on a computer screen by ma- 
nipulating a physical object monitored by a sensor. For motion, students worked with a 
srriall car and a motion detector to generate curves of position and velocity versus time. 
For air flow, students controlled a bellows to generate changes in air flow and in the 
volume of air accumulated in a bag. 

For numerical integratiorv we developed a software environment in which a function is 
generated by accumulating the numerical values of another function. The functions can 
be displayed in either tables or graphs. The following shows a simple case, in which B is 
a constant function and A (which is accumulating the values of B) is a linear one. In Fig- 
ure 12, the independent variable, called X, simply counts the number of accumulations. 





Figure 1 .2 
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We presented parallel problems in each environment. The example in Figure 13 was one 
of the problems presented in the context of motion. 
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Figure 1.3 


Velocity 






Time 


Question: If this is a graph of the velocity of a car versus time, what would be the 


corresponding graph of position versus time? 



The same problem, in the context of air flow, was worded as: 

Question: If this is a graph of the flow rate of air versus time, what would be the 
corresponding graph of volume of air versus time? 

Finally, in the context of numerical integration: 

Question: If this is a graph of B versus X, what would be the corresponding graph of 
A versus X? 

All the students in our study were high school students who had not taken calculus 
courses. We carried out the teaching interviews with individual students, videotaping 
the session with two cameras, one for the computer screen and another for the overall 
addon. The results analyzed here are based on interviews with six students, two using 
each environment. 

The sequence included 15 different problems, presented in two teaching interviews of 75 
minutes each. Usually the interviewer posed a problem, the student formulated a certain 
prediction by drav^g it on a pad, the corresponding functions were generated experi- 
mentally by the student (frequentiy necessitating several trials), and the results were 
discussed. While we began by following the interview format, the session often took 
unexpected turns as the interviewer tried to follow the student's thinking. 

The current analysis of the teaching interviews focuses on what we call learning episodes; 
that is, episodes during which the student changed her view or adopted a different way 
of thinking. Our analysis strives to investigate the critical elements in that transition arid 
why it took place (Nemirovsky & Rubin, 1991; Rubin & Nemirovsky, 1991). 

Three broad assumptions are important for our analysis: 

1. Every normal human being, from early stages in life, has some intuitive 

knowledge about the relationship between function and derivative. Whether this 
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is manifested as knowledge about position and velocity, level and flow, or number 
and number-change, we construct complex bodies of knowledge that enable us to 
make sense of situations involving change (Piaget, 1970; Raget, Grize, Szeminska, 
&Vmh,1977). 

2. The relationship between function and derivative is or\e of those notions that 
always remains open to further elaboration, with new and uivesolved issues 
involving the fundamental nature of space, time, and number. 

These two assi options help us dismiss simplistic explanations for shidents' 
performance, such as "the shident does not distinguish position and velocity" or 
"the student has finally grasped the concept of position and velocity." In fact, we 
believe that all humans have some notion of the relationship between position and 
velocity (or other function-derivative pairs), but that none has a complete 
imderstaiuiing. 

3. Students' performance in solving problems involving tiie function/ derivative 
relationship is sti-ongly affected by contextual parameters. The same problem, 
from the point of view of its matiiematical sbxirture, may elidt very different 
responses if it is posed as a position/velocity problem or as a volume/ flow rate 
problem. Different representational systems make some aspects of the situation 
more salient than others, and access to particular measurement devices has a 
strong influence on shidents' thinking (Monk, 1990). This is an important aspect 
of our study, and we plan to develop a detailed analysis accounting for some of 
these contextual factors. As an example, we have noted tiiat students tend to think 
of "position of the car" as "distance ti:avelled," not as a "relative positioa" This 
perception makes it difficult for tiiem to accept functions involving deaeasing 
positions or negative velocities. On the other hand, there is no equivalent intuition 
to "distance travelled" in the context of air flow, so negative air flow is a more 
acceptable concept to students. 

In tiive next section we examine a particular tendency that appeared repeatedly in all tiiree 
contexts: shidents' tendency to assume resemblances between tiie behavior or appear- 
ance of a function and its derivative. We describe how ti^ tendency was manifested by 
shidents solving different problems. Many learning episodes show how the student 
overcomes some of the assumed resemblances by constructing an alternative frame for 
understanding the relationship between a function and its derivative. To illustiate tiiis, 
we provide a case analysis of a learning episode with one shident working witii air flow. 
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Assumptions of Resemblance and the Variational 
Approaches 

From a perceptual point of view, the graph of a function may be characterized by several 
attributes, such as being inaeasing or decreasing, having straight or curved contotir i, and 
crossing or not aossing the horizontal axis. Assumptions of resemblance are prem-^es that 
the graphs of two different functions will be perceived as having common attributes. 
Such a pair of graphs does not need to share all perceptual attributes, only those on which 
the characterization of resemblance is based at the moment. For example, an assmnption 
of resemblance with respect to straight and curved contours leaves open the possibility 
that they do not match on the attribute of inaeasing/deaeasing. Assuming that two 
graphs are both increasing does not determine whether each is a straight line or a curve. 

An assumption of resemblance reflects an informal taxonomy of graphs based on the 
attributes that participate in the resemblance. Thus, these spontaneous and implicit 
taxonomies can indicate what graphical attributes the student considers relevant at the 
moment. For example, a shident making the prediction described in Figure 1.4 might be 
expressing his conviction that the position curve has to be increasing, regardless of its 
shape. The fact that he draws a straight line may not show his belief that it /ws to be a 
straight line: it happens that a straight line is for him the simplest way to indicate "going 
up." 



Figure 1.4 

VelcKity Position 




Assumptions of resemblance are implicit, but often easily elicited. Asking a student 
about the assumption is often enough to bring out his belief, and sometimes even enough 
to make him question it. For example, a student who consistently assumes that straight 
lines on velocity graphs generate straight lines on position graphs may find the following 
question disturbing: Are you saying that the position graph has to be a stiraight line 
because the velocity graph is a straight line? Sometimes explidtiy stating or questioning 
an assumption leads a student to wonder if tiiere is a real basis for it. 
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Types of Resemblances 



Assumptions of resemblance show up in a variety of ways. The foUowing examples of 
students using incorrect resemblances to solve problems occurred when students were 
predicting the graph of a function from that of its derivative (Figure 15 to Rgure 1.11). 

1. Simple replication (the predicted graph is identical to the original graph) (Figure 1.5) 





Figure 1 .5 
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2. Same direction of change (e.g., increasing derivatives correspond to increajing func- 
tions, and decreasing derivatives correspond to decreasing functions) (Figure 1.6) 







Figure 1.6 
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3. Same shape {e.g., straight lines correspond to straight lines) (Figure 1.7) 





Figure 1 .7 
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4. Same sign (graphs above the x-axis generate graphs above the x-axis and vice versa) 
(Figure 1.8) 







Figure 1.8 
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(Note that in our experimental set up, positions are always positive,) 

5. Same geometrical transformation (Figures 1.9, 1,10, and 1.11) 

Students using resemblance also have a method for irrferring from two velocity 
graphs and one position graph what the second position graph should be. In these 
cases a change in the graph of the velocity is thought of as producing a similar change 
in the graph of positioa In the following examples the thin line on both graphs had 
already been verified by the student and she was predicting the shape of position 
graph corresponding to the velocity function marked with a thick line. 
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Figure 1 .9: Translation 
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Figure 1.10; Rotation 
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Figure 1.11: Reflection 
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(One might argue that the student's first solution in Figure 1.11 is correct because she 
assumed that the initial positions of the two cars were the same. However, our ex- 
perimental apparatus does not allow for negative positions since the position of the 
sensor is 0, and it measures in only one direction. It was also clear from the accompa- 
nyir\g conversation that the student based her prediction on preserving symmetry, an 
assumption that led her to consider the second solution, even though it involved 
negative times.) 

In all these cases the change in the velocity graph is seen by the student as a geometric 
transformation: parallel translation (Figure 1.9), rotation (Figure 1.10), or reflection 
(Figure 1.11), and the prediction for tlie corresponding position graph is accomplished 
by applying the same geometric transformation to the first position graph. 

Cues for Resemblances 

Resemblances give students tools for making sense of a complex situatioa Students 
probably do not adopt resemblances because they have solid reasons to believe the tools 
are appropriate, but rather because the tools enable them to organize and solve a bewil- 
dering domain of problems. The choice to use resemblance is not made blindly. We 
believe this choice emerges from an interplay between expectations and cues. Students' 
expectations that the graphs of position and velocity (e.g., volume aiui flow rate) for the 
motion of the same object (the level of tiie same container) will show similarities derive 
from the perceived close connection between tiiese quantities. They both describe the 
behavior of the same object over the same time period, so students have a general, 
probably tadt, expectation the graphs will be stiwngly related. These expectationr 
are validated, challenged, or even raised by tiie students' recognition of cues. Particular 
cues prompt the student to use specific resemblances. We have identified several types of 
cues, deriving fi-om the situation or the student's backgroimd knowledge, that activate 
certain resemblances and support tiieir use as appropriate or plausible. We distinguish 
three types of cues: syntactic, semantic, and linguistic. 

Syntactic cues 

Syntactic cues are distinguished by the fact tiiat they are based on graphical features, 
unrelated to tiie student's knowledge of motion or air flow. These cues are compelling to 
shidents not so much because they shed light on resemblances but because tiiey support a 
sfa»ng feeling of making sense of tiie problem. Their simplicity and teplicability have an 
inexorable attractioa For example, assuming that geometric bransformations are pre- 
served through the function-derivative ti-anslation (Figures 1.9, 1.10, and 1.11) seems to 
make solving such problems relatively simple: find arwtiier, simpler situation where tiie 
position graph is known, determine the geometric transformation, and apply it to tiie 
original position graph- This procedure is so simple and "reliable" tiiat it does not seem 
strange tiiat students who recognize its potential power will sbive to maintain it, even 
after some contradictions arise in particular cases. 
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Semantic cues 

Semantic cues elicit students' ideas that the function and its derivative behave similarly 
on the basis of real-world knowledge Since their reactions are over generalizations of 
experiences in which a function and its derivative actually do vary in the same way, we 
call this strategy "isomorphic variatioa" It has appeared quite frequently in our inter- 
views. The student is aware that the function and the derivative are different entities, but 
assumes that they change in a similar way. Isomorphic variation (the assumption that a 
function and its derivative vary togetiier) may be rooted in some powerful intuitions 
derived from common experiences in daily life. For example, the common experience 
that going faster implies traveling further sometimes results in the overgeneralization that 
velocity and position always move in the same direction, either both increasing or botii 
decreasing. 

We have repeatedly observed how students who are able to predict position from 
velocity in the problem described in Figure 1.12 have difficulty with tiie problem 
described in Figure 1.13 because the derivative is decreasing while the function is 
increasing. In the second example, students' assumption that functions and derivatives 
increase and decrease together leads them down the wrong path. 



Figure 1.12 




Figure 1.13 
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In using isomorphic variation the studeni: significantly constrains the range of P^i^le 
graphs,butstm leaves roomformanypossibiHties. For example, given a graph for a 
fimction of velocity, as described in Figure 1.14, any of the (incorrect) predictions for the 
graph of position shown in Figure 1 .15 could be generated using isomorphic variation 
(i.e., more is more and less is less). 



Figure 1.14 
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Each of these position graphs inaeases as the velocity graph increases and deaeases as it 
decreases, but other graphical elements such as initial value, amount of inaease, and 
amount of deaease may not match 

Linguistic cues 

Linguistic cues are ambiguities of language th? support resemblances between a hmc- 
tion and its derivative or a function and its indefinite integral. We will analyze two 
examples: the uses of more/less and up/dowiL 

There is a common tendency to think that more velocity (flow rate) means more distance 
(volume) and that less of the first means less of the latter, as if they always change in the^^ 
same direction. In part this may have to do with an ambiguous use of the words "more" 
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and "less/' We often say, "the more flow rate, the more volume" and we may similarly 
say that "the less flow rate, the less volume," meaning that less volume would result ftom 
a smaller flow rate than would accumulate with a greater flow rate. However, the same 
sentence can also be interpreted (incorrectly in this case) as meaning ttiat a decreasing 
flow rate implies a decreasing volume. 

The ambiguity is caused by the fact that we can use the comparative words "more" and 
"less" in comparing two parallel events or two successive values of a single event. For 
example, let us imagine two cars, A and B. It is true that less velocity for B than for A 
implies less distance travelled for B than for A (all other tilings being equal). But if we 
consider a single car A, it is not true that less vdodty now than earlier implies that we 
have travelled less distance now than earlier. 

However, a student may not be aware of this distinction when he says, "the faster the car, 
the more distance," and he may thus confuse change over time with the comparison of 
two parallel events. This confusion may lead to an incorrect assumption that decreasing 
velocity implies deaeasing distance. Students who are aware of the difference sometimes 
use the expressions "more and more" or "less and less" to render those two meanings less 
ambiguous, since ttiiey make more e)q>lidt the reference to the process of a single event 
over time with the repeated adjective. 

Another example of language ambiguities that may function to support the use of resem- 
blances is the words "up" and "down." On the one hand, "up" and "down" are used in 
phrases to indicate increase and decrease respectively, such as in "speeding up" or "slow- 
ing dowa" On the other hand, "up" and "down" denote opposite spatial directions that 
can be used in describing curves on a graph or directioiis in the air flow apparat^^ This 
ambiguity may underlie the assumption of certain resemblances, Vor example, a student 
who is sketching a curve of position versus time for a car that goes at a constant speed 
and, at time to begins deaeasing its speed may produce the description "at time tc the 
car begins to slow down," eliciting the intuition that, after to the curve should go down 
(see Figure 1,16) , as would be the case in a graph of velocity versus time. 
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Using resemblance leads to a particular approach to solving problems of translation 
between a function and its derivative. It enables the student to make sense of the situ- 
ation and to formulate a prediction for the solutioa As we have shown in the examples, 
using resemblance often leads to mistaken predictions, but it is still a compelling and 
functional technique for many students. 

Shidents often cling to this approach in the face of contradictory evidence because they 
lack a coherent alternative approach to figuring out a function from its derivative or vice 
versa. Through the learning episodes students often begin to make use of alternative 
approaches that focus on how one xiinction (the derivative) describes the local variation ii 
the other. Because they incorporate variation, we call such approaches variational 
approaches to understanding the relationship between a function and its derivative. 

Variational Appproaches 

We will distinguish several related variational approaches by the mathematical notions 
the student uses in describing tiie local variation of a function One of these is an 
approach based on ti\e stiidenf s perception of the "steepness" of a graph. Steepness is a 
graphical-perceptual feature. Looking at steepness lets shidents make qualitative com- 
parisons among points on tiie same curve. For example, variational reasoning bastnl on 
steepness would produce the prediction, for Figure 1.17, that the velocity at t=a must be 
greater than the velocity at t=b because the curve is steeper at a than at b. 
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A different mathematical entity that can support a variational approach is the slope of a 
curve. Theslopeof a curve is the rate of change in y with lespec* 
Because a change in the length of the units of either variable in a graph affects the graphi- 
cal steepness, a given slope may show up graphically as a curve that is more or less steep. 
Similarly, a certain steepness on a graph may correspond to infinitely many slopes. 
Figure 1.18 is an example of two lines with the same slope but different steepness (0 ^ 0'). 



Students use a third variational approach when they are trying to predict a graph of a 
function from one of its derivative. This approach is based on what we call 'local qualita- 
tive accumulatioa" A student using this approach recognizes that a positive velocity 
determines comparatively how much local distance a car gains over a short correspond- 
ing time. In the graph in Figure 1.19, a student would be able to say that the two points 
on the bottom left are further apart than those on the right 



Figure 1.18 
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There are other examples of variatioi^al approaches (such as the one based on the area 
under a curve), and each one of them involves specific ways of framing the translation 
between function and derivative or back. A variational approach involves two key pieces 
of kiu)wledge that are not part of a resemblance approach: 

1. How to construct a global shape out of many instances of local variation. A resem- 
blance aj-'Droach regards the entire graph as one entity, in the sense that what 
really comits are the global attributes of its shape (e.g., increasing, curved). A 
student without enough experience with the matliematical entities that enable one 
to describe the local variation of a function, sud\ as slope or area under the curve, 
will be particularly prone to use resemblances. 

2. How to focus on the relationship between the function and its derivative, rather 
than on each one of them separately. A resemblance approach makes it difficult 
for the student to think simultaneously about tlie function and its derivative; the 
student tends to focus on one or the other, except for the projection of the resem- 
blances themselves. Even if the problem is focused on the relationship between 
the two functions, the student will not be able to think productively about the 
relationship. Often this gives the impression that the ^.tudent does not even distinr 
guish between position and velocity, or between volume and flow rate, because 
she tends to center, indiscriminately firom a naive observer's point of view, on only 
one of them at a time. In fact, she is able to describe each individually; but she 
does not have access to conceptual tools to focus on the relationship between 
them. 

The construction of a variational approach is a complex process, involving the coordina- 
tion of many different pieces of knowledge. It takes place over a long period of time aid 
includes both leaps forward and steps backwards. Often a student seems to have con- 
structed elements of a variational approach but in solving a more complex problem 
regresses to using non-variational techniques, such as those based on resemblance. 

Students move toward a variational approach in many different ways. Often a student 
will revise an earlier prediction that had bsen based on resemblance and deariy articulate 
why the resemblance is not appropriate. However, this same resemblance strategy may 
reappear later. It is dear that students' learning, at least in our teaching interviews, is not 
a progressive sequence of "getting" (or "not getting") one idea after aiujther. Some 
students begin the second session repeating exactly the same predictions that they had 
made aiui revised during the first. However, because their former experience is within 
reach, students usually reconsider quickly and reconstruct ideas that were initially diffi- 
cult for them to devdop. 

We do not consider the use of resemblances a matter of "confusion" in the sense that 
students cannot discriminate between volume and flow rate. There are several reasons 
why using resemblances seems like a promising approach for many students, such as the 
following: 
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1. Often it works! That is, in many cases a function actually does lese^ 

tive (e.g., uniform velocity motion produces velocity and position curves that are 
both straight lines; positive accelerated motion may produce velocity and position 
curves that are inaeasing); the student may overgeneralize from th^ 

2. In using graphical resemblances the student gets a feeling of mathematical power 
by making sense of the problem through constraining possibilities and recogniz- 
ing patterns. 

3. Ambiguities of language may eUdt and support lUDtions of resemblanre^ 

4. Hie student may not have access to a variational approach as an alternative way 
to think «about the problems. When the learning situation or the student's previ- 
ous knowledge do not help to induce such knowledge, the student resorts to more 
graphical-oriented thinking, assuming partial resemblances between a function 
and its derivative. 



Case Study: From Resemblances to the Beginning of a Variational 
Approach 

To investigate these arudyses further we chose a 17-minute learning episode of a student 
working with an airflow device, during which he began to acquire a vaiiatior\al 
approach. The basic structure of the apparatus used during the interviews for 
experiments with air flow is described in Figure 1.20. 



Figure 1 .20 



Bellows (can 
be pulled up 
or put bed 
down by 
band, also can 
fall under its 
own weight) 




To the computer 



Bag that 
•cctunulates 
air, variable 
height 



Hie flow of air can be controlled in two ways: either by pushing and pulling the bellows 
with the valve open or by closing and opening the valve while the bellows is released and 
moving down imder its own weight. The valve is a more accurate way of controlling the 
flow but the limitation is that it only controls air coming into the bag/ not air leaving the 
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bag- This is because the top of the bellows is heavy, and unless it is held up by the 
student, it drops, pushing air into the bag, as regulated by the valve. 



We have divided the episode into six segments. The student, whom we call Dan, was an 
11th grader, considered a good math student, had taken algebra, and was currently 
taking physics, but had not taken calculus. Through the episode we focus on how Dan 
manifested his use of resemblance between the functions of flow rate and volume, and 
how he began to move toward a variational approach. We view the learning episode as a 
joint interviewer-student construction of knowledge and mutual understanding. We 
trace how both the student's and interviewer's notions of the problem differed at several 
points, elidtijig the need for them to negotiate its definitioit 

This episode took place during ttie second session, in which Dan wc rked vdth flow rate. 
We had worked before witii problems of constant as well as linearly inaeasing flow rate. 



Segment 1 



Description 



The learning episode begins when the interviewer asks about the case shown in Figure 
Zl below: 



Figure 2. 1 



Flow 
Rate 




Time 



Dan sketches his prediction for volume (Figure Z2). 



Figure 2.2 



Volume 




Time 
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He draws a volume line with a different slope but starting at the same point on the y-axis, 
which he indicates by labeling the point as *'8" on the volume graph, then going back to 
the flow rate graph and indicating its intersection with tiie y axis as "8" as well. 

The interviewer suggests that Dan try to produce the graph of flow rate experimentally. 
Dan tries to decide whetiier it is possible to perform tiie experiment witii tiie valve in- 
stead of with the bellows. With this apparatus, only problems of inflow (positive flow 
rate) can be controlled with the valve because the weight of the bellows will push air into 
the bag. But in drawing his volim\e prediction, Dan has indicated that lie thinks that this 
is a problem of outflow: 

Dan: First we have to get the flow rate like that [pointing to the flow rate graph], 

that means I should just pull this [the bellows] up tihe whole time, [so that air 
goes out of die bag and volume diminishes] Is tiiere a way to do it [witti the 
valve]? . . . Can't be . . . you know^ there's no way to do that. 

Actually, Figure 2.1 shows an mflow (positive flow rate), but Dan's prediction in Figure 
2.2 portrays an outflow (volume decreasing). The interviewer, trying to bring these two 
conceptions of the problem together, calls Dan's attention to the fact that the flow rate is 
positive, but Dan does not note the discrepancy: 

Inten^iewer: Now, the flow rate is positive. 

Dan: It starts at positive, and then it goes down to zero, [pointing to the height of 
the bag wfiid\ shows volume] 

Interviewer: The flow rate? 

Dan: Yes. 

As he starts to measure flow rate, Dan sets the bag half full of air, with an initial volume 
of 12.5 liters. When the measurements for flow rate begin to appear on the screen, he 
notices that they start from zero: 

Dan: Oh. It had, it has to start at 125, it can't start at zero. 
Interviewer: But this is flow rate. 

Dan: AU righty. I get confused ... Oh. 'fhis can't work, then. 

Analysis 

Dan constructs his prediction by assuming several resemblances between the given curve 
of flow rate and his predicted graph of volume: same initial point, both straight lines, 
deaeasing, and positive. The slope, however, is different. Dan does not assume that both 
graphs have to ''diminish" (as he says) in the same way. 

After he generates his prediction of tiie volume graph, Dan's behavior suggests a particu- 
lar appropriation of the problem: He focuses on his predicted graph of volume, as if the 
graph of flow rate is irrelevant, and strives to create, with the apparatus, his predicted 
graph. That is, what was originally posed as a prediction from a certain function of flow 
rate versus time to a function of volume versus time, is transformed by Dan to the task of 
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producing his predicted function of volume versus time— without questioning whether 
his translation was correct. Other pieces of evidence for this inteipretation of the problem 
are Dan's judgment that this is a problem of outflow, or decreasing volume; his expecta- 
tion that the initial value on his generated graph must correspond to the initial volume he 
set in the program; and his gesturing at ti« top of the bag (which is a measure of volume) 
when describing the graph of flow rate he is generating. 

We think that this tendency to focus exclusively on either the function or the derivative, 
except at the time during which the graph characteristics are transferred, is typical of a 
resemblance approach. Dan knows that volume and flow rate are different measures (his 
prediction for volume does not have ttie same slope as tiie posed flow rate), but he has 
difficulty focusing his thinking on ti\e relationship betweeri them. Rather, he focuses on 
one of them (volume), perceiving tiie other as a piece of the backgrourui, and, as a conse- 
quence, transforming his conception of tiie problem. He perceives the mismatch between 
his focusing on volume and the measurements of flow rate as a state of confusion ('1 get 
confused**). 

Segment 2 
Descript'ton 

Dan looks at C-c junction of flow rate shown in Figure 2.1. Considering it along with his 
prediction of volume (Figure 2.2), he recognizes tiiat Figure 2.1 is inconsistent witii his 
prediction of volume. He then goes on to constmct a graph of flow rate that would be 
consistent with his prediction (see Figure 3.1). 

Interviewer: It [the flow rate] cannot be like tihat [Figure 2.1]? 

Dan: No, 'cause then [with Figure 2.1] you can't get the volume to go, diminish, 
like this [Figure 22]. This [Rgure 2.1] can't be like that This would be 
different Yeah, it has to be, I think it has to be like tiiis [preparing the axis for 
a new graph]. Let me think. It has to be like tiiis [Figure 3.1], To start here, 
flow rate. Flow rate. This [flow rate] has, it has to start here at zero and to 
get the, to get tiiat [Figure 22] it has to staii here [at zero] and I believe has 
to just diminish: 



Flow 
Rate 


Figure 3. 1 




Time 
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The interviewer letums to the problem of generating the graph in Figure 2.1 (ignoring, for 
the moment, Dan's volume graph): 

Interviewer: Well, just to get this [Figure 2.1]. 

Dan: Oh, to get tiiat? 

Interviewer: Yes. 

Dan: You can't get that 

mterviev^'^: You cannot? 

Dan: Can never get that to show up. 

Interviewer: Mmhm. 

Dan: Doesn't, the flow rate always starts at zero. It never starts at ei^t. 

Interviewer: Okay. 

Dan: Unless tliere's some way to do it that I don't know about 

Dan is now considering another reason for the impossibility of the graph of flow rate 
(Figure 21): the flow rate must start at zero. In order to make the problem acceptable for 
Dan, the intervdewer produces a "new version" for ' ' function of flow rate versus time 
(Figure 32): 





Figure 3.2 




Flow 






Rate 










Time 



Interviewer: Let me, let me add here a new version. It's zero and it goes up, and then it's 
decreasing: 



Dan: I can do that, yes. 



Analysis 



In this segment Dan's perception of the problem to be solved changes radically two 
different times. First he changes his idea about which graph is given and which is pre- 
dicted, predicting a function of flow rate versus time from his constructed function of 
volume versus time (Figure 2.2). He concludes that the graph in Figure 2.1 is impossible, 
because it is incompatible with a decreasing volume and generates a new flow rate graph 
(Figure 3.1) that he believes is consistent with his graph of volume. In constructing the 
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new graph ftom his volume graph (Figure 2,2), he assumes fewer resemblances than 
when he ger^rated the volume graph* Let us compare botii constructions: 

Figure Zl — > Figure 22 

Both: straight lines, deaeasing, positive, same initial value 
Differ iiK slope 

Figure 2.2 — > Figure 3.1 

Both: straight lines, deaeasing 
Differ in: slope, sign, initial value 

Two resemblances — sign and initial value — were assumed in the first but not in the 
sea)nd predictioa Ih^ two new dissimilarities reflect two pieces of knowledge that 
Dan uses: a decreasing volume must correspond to a negative flow rate (dissimilarity in 
sign), and the flow rate must start at zero, but the volume does not (dissimilarity in initial 
value). Both pieces of knowledge were eUdted by his interaction with the appar^ We 
see this as an example of how assumptions of resemblance are adjusted by the student 
according to his knowledge of the situatioa In tiie absence of a reason to the contrary, the 
resemblances are simply assumed, but as new pieces of knowledge come into play, some 
resemblances are rejected so that the new pieces of knowledge can l5e expressed in the 
graphs. 

A second change in Dan's perception of the problem takes place when the interviewer 
asks about the production of the original graph of flow rate (Figure 2.1). Dan argues that 
the graph is impossible because flow rate must start at zero. This is not true because it is 
possible to start the measurements at any time (Le., when the flow rate is not zero). How- 
ever, students often expect that a graph must represent the "whole story, ' which begins 
when air is first physically moved. In this case, the interviewer redefines the problem 
without challenging this consideration, by posing a new version (Figure 3.2). Here we see 
yet another step in the joint construction by interviewer and student of the definition of 
the ''problem" to be solved. 

Segment 3 
Description 

The interviewer asks Dan to formulate a new prediction of volume versus time given the 
new graph of flow rate versus time (Figure 3.2). (See Figure 4.1.) 

Dan: [as he is drawing Figure 4.1]. Weil I, if if s like tiwt [Figtire 32], it had to, let 
me think. The flow rate would go up, so that means tlie volume would also 
go up, and then it, it wouW drop. Let me think. Vm trying to think if ttds 
[the decreasing part of Figure 4.1] woukj go very much below, if this would 
go below zero or not Let me see. If the flow rate went up, volume increases, 
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then it starts to decrease. Well, *e only filing Fm trying to think of is if diis 
[ti\e decreasing part of Figure 4.1], as soon as I stop tiie increase will it 
automatically just drop right down until it would be below here (pointing to 
file steeper decrease) and fiien it contir or whetiier it just— see, see the . . . 
go like this (pointing to fi^ no-so-steep decrease) ... I'm not sure which one 
. . Ym not sure if it will drop rig^t away and then come down or would just 
gradually. 



Figure 4.1 




Dan prepares himself to measure* He rehearses his actions several times with the appara- 
tus before he actually measures. He looks at the graph of flow rate shown in Figure 32 
but interprets it as how the height of the bag (a measure of volume) should change. 
Therefore, what he actually rehearses is how to produce a function of volume like ibefbw 
rate curve in Figure 32 (or, equivalently, like the volume curve in Figure 4.1). The 
interviewer intervenes, reminding Dan that flow rate should be positive: 

Dan: Yeah, so 111 have to, ITl have to gp like this [adding air to ti\e bag] and then 
bring it back down [taking air out of the bag]. 

Interviewer: Uhhuh. 

Dan: I'm thinking, I'm pretty sure thaf s what I have to do. 

Interviewer: But (he flow rate wouldn't be never, shouldn't be negative, there [pointing to 
Figure 32] always positive. 

Dan: Always positive? You're asking me? 

Interviewer: Well, it is positive in the sense that it is always — 

Dan: [looking at Figure 32] Above zero. 

Interviewer: Above zero, rigjit. 

Dan: Uh, I think you're rig^t, I think it migjit have to always be above zero. I'm 
not sure thougji. If we gp like this (moving tiie bellows so air comes out of 
tlte bag), no, it would go below zero, 'cause I pull frie air in [at tiie beginning] 
and tf»i I'd be doing ti\e reverse. So it should go betow zero [when I do the 
experiment]. C^, ITl try it 
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Analysis 



In this segment Dan repeats the process described in Segment 1, first constructing a 
prediction of volume versus time by assuming resemblances, then focusing on ttie pre- 
dicted function of volume. We believe that in assuming resemblances Dan uses mainly 
semantic and linguistic dues. His use of semantic cues— namely, tiie intuition that iso- 
morphic variation holds for volume and flow rate-4s manifested by his reliance on the 
apparatus to interpret the graph. He uses the apparatus to rehearse and to dedde what 
should happen. His language also strongly suggests that linguistic cues are playing a 
part in his reliance on resemblance. He says: "The flow rate would go up, so that means 
the volume would also go up, and then it . . . would drop," and "If the flow rate went up, 
volume increases, then it starts to deaease." In both expressions his reference to flie 
quantity that is decreasing is ambiguous. 'It would drop" and "it starts to decrease" each 
contain an "it" that can ambiguously refer to either flow rate or volume. 

Dan is in conflict Ife is now juxtaposing two attributes that are incompatible. On the 
one hand he expects tiie air to come out of tiie bag (since, in the graph, tiie volume 
decreases after the initial rise). On the other hand he knows that tiie positive sign of flow 
rate implies that air goes into the bag (and that the volume has to increase). Despite his 
awareness of the contradiction, he is r\ot sure which way of understanding tiie situation is 
appropriate, so he decides to experiment This reflects his reconstruction of tiie problem: 
Dan will try to produce the volume graph (Figure 4.1), and is curious to see what will 
happen with the function of flow rate. 

Segment 4 
Description 

Dan produces four measurements with the apparatus, but he is unable to produce the 
graph he wants. After tiie fourth tiial he says, "Can't get it tiirough." Whfle performing 
the experiment he looks at tiie top of the bag. In his attempts the flow rate goes up 
initially and tiien drops below the X axis as he makes tiie bag go up (by pushing the 
bellows down) arui then down (by pulling tiw bellows up). Once tiie graph is below the 
X axis Dan tiies to produce a decreasing line. The graph in Figure 5.1 is the result of his 
fourth attempt. 

Dan complains that the graph drops abruptiy after the initial rise instead of going "nice 
and slowly." He expects it to drop slowly because he is slowly and carefully changing 
the direction of the bellows. 

The interviewer tries again to reorient Dan toward the problem of getting the graph in 
Figure 3.2 by reminding him that flow rate is never negative in that graph: 

Interviewer: How could you do something ttiat here [after the initial rise in Figure 5.1] 
goes down slowly without becoming negative? 

Dan: Witfwut becoming negative? 
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Interviewer: Right Just that goes down slowly. 

Dan: Um, let me fliink. If I bring it [the bag] I have to bring it down to zero maybe, 
go up, and ti^ai go dowrv down, down like that maybe— no, but, as soon as I 
pull down [ttie top of tt\e bag] it [the flow rate] goes down to zero, so it has 
to, I can't; I don't think we can gpt that [Figure 3.2] then. 



Dan concludes that the grapli of flow rate (in Figure 3.2) cannot be produced. 





Figure 5. 1 


Flow 




Rate 


\A 









Analysis 

During the measurements Dan tries to get the volume to go up aiKi then down as in 
Figure 41. He cannot make sense of the abrupt drop shown on the computer saeen. He 
expects the computer graph to reflect the motion of the top of the bag, and, indeed, the 
bag does not drop abruptiy. 

The interviewer's question about going down "without becoming negative" prompts 
Dan to use another piece of knowledge: air coming out of the bag corresponds to nega- 
tive flow rate. Danjuxtaposes the two features: deaeasing volume (his assumption from 
a graph of deaeasing flow rate) and positive flow rate shown in Figure 3.2, and states 
correctly that they are incompatible (i.e,, a positive flow rate always implies an increasing 
volume). He is now convinced of the impossibility and feels there is no need to try a new 
experiment. Dan is not aware at this point that he has changed the terms of the problem 
by focusing on his predicted volume graph. This segment shows two characteristics 
typical of a resemblance approach: 

1. extracting graphical features from one function and projecting them onto the other 
in an attempt to come up with a matched set of graphs; and 

2. focusing exclusively on the function or the derivative alone; whichever is chc^n 
as a focus is taken as the "given," regardless of how the problem was iiutially 
stated. 
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Segment 5 



Desaiption 

After Dan states his belief that it is not possible to get a decreasing flow rate without 
becoming negative, while implicitly he assumes that the volume has to decrease, tiie 
situation appears to be a dead end. The interviewer says: 

Interviewer: Um, let me tiy. 

Dan: You want to try? 

The interviewer generates a graph of flow rate decreasing but remaining positive by 
starting with the valve open and gradually closing it The top of the bag always moves 
up. 

Dan: Haying tricks on me again. I know yjhat I told you, maybe tiiere should have 
been a way to do that tiiat I didn't know, [lau^] 

Interviewer: Lef s do it without the valve. 

Dan: I want to see that! 

Now the interviewer generates another graph by pushing down the bellows at a decreas- 
ing rate, the equivalent of his previous action v^th the valve. Dan looks carefully at the 
thiee elements: the interviewer's hand pushing down the bellows, the computer screen, 
and the bag accumulating the air. 

Dan: Well, ifs^ ^st tiw amountof inaease is less and less. I see . . . Yeah, I see. So 
what do I do, just pull it [tiw top of the bag] dovsnri, let some air go up and 
ttien we just let it go up slowly, is that what you did? Yeah — lhaf s, thaf s 
different; I didn't itmik of tiiat 

Interviewer: Does it make sense? 

Dan: Yeah, now it does ... If s tricky, thougji, tricky to figure that out 



Dan: I didn't think tiiat nuybe if we just did this [push down the bellows] and than 
let tfie flow rate just go nice and slow, that it would decrease from what it 
was before. I slwukl have thougjht of that, but I didn't 

After the interviewer generates the function of flow rate Dan attempts to do it too. He 
finds that it is not a trivial effort to generate a smooth curve. The main problem is that to 
generate the graph in Hgure 3*2, one must move smoothly between the increasing and 
decreasing segments of the curve. Dan, however, changes the rate of change abruptly 
and generates a sharp peak instead of a rounded curve. He tries four times before, finally, 
he gpts an acceptable graph (like Figure 6.1) by using the valve to control the air flow. His 
difficulty generating the point on the graph that reflects a change in the rate of change 
foreshadows problems that arise in the next segment 
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Analysis 

At the end of Segment 4, Dan expressed his conviction that the graphs in Figure 3.2 and 
4.1 are incompatible. Since he was focusing on his prediction (Figure 4.1), he conduded 
that the graph in Figure 3.2 was impossible. The interviewer's showing Dan how to 
generate that graph in Segment 5 is a landmark for Dan's view of the situation. On the 
one hand it elicits a cognitive conflict a belief that something is impossible is challenged 
by the the fadual evidence that it is possible, requiring Dan to revise his way of thiiiking. 
But more important, watching the apparatus provides Dan with clues about how his 
understanding of the situation might be improved, such as: 

• The top of the bag continued "moving up" as the graph "moved down." 

• Air was flowing into the bag both before and after the peak of the graph. 

Both aspects challenge Dan's assumptions of isomorphic variation and suggest that the 
difference between the graph before and after the peak of Figure 3.2 is a difference be- 
tween modes of inflow, ratiier than between inflow and outflow. In sum, Dan's insight is 
not just a product of cognitive conflict; it is also the outcome of the presence and role of 
the apparatus. Dan benefits both from being able to experiment with a tool that mediates 
his thinking about the situation and from watching Xhe interviewer use it to generate 
graphs. 

In describing how the graph of flow rate (Figure 3.2) is generated, Dan changes his lan- 
guage. Examples of this change in his descriptive language are shown below. 

From Segment 3: 

1. "If the flow rate went up, volume inaeases, then it starts to decrease." 

2. "The flow rate would go up, so fliat means the volume would also go up." 
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From Segment 5: 



3. "The amoimt of increase [of volume] is less and less/' 

4. 'It [ the flow rate] would decrease from what it was before/' 

Expressions (1) and (2) reveal the assumption of isomorphic variation and suggest that 
volume and flow rate are conceptualized as two parallel variations rather than one re- 
flecting the way the other one changes over time. Figures 62 and 63 may help to clarify 
this point. 



Figure 6.2 
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In Figure 6.2 volume is thought of as varying according to the variation of flow rate (more 
flow rate means more volume and less flow rate means less volume). Both vary in the 
same way; more of one implies more of the other, and less implies less. In Figure 63, 
however, flow rate describes the local variation of volume as time passes. A key step in 
cor\structing the framework depicted in Figure 6.3 is focusing on how volume changes 
locally over time and recognizing flow rate as the descriptor for this local change. While 
expressions (1) and (2) are consistent with the approach shown in Rgure 6.2, expressions 
(3) and (4) are suggestive of the iatten "the amount of iiKrease (of voltime) is less arid 
less" (recognition of the local variation depicted by the arrows on the right of Figure 6.3) 
and "it (the flow rate) would decrease from what it was before" (recognition of the local 
variation depicted by the shrinking circles on the left of Figure 63). 
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This conceptual shift is the beginning of Dan's construction of a variational approach. We 
believe that the role of the apparatus in this process is to support the joint interviewer- 
student construction of narratives, understood as descriptions of sequences of events that 
seem more or less consistent with the observational facts and their own expectations. To 
say "the amount of inaease (of volume) is less and less" is a way to tell the story of the 
apparatus' behavior without assuming isomorphic variation: volume "increases" and at 
the same time flow rate is "less and less." 



Segment 6 
Description 
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Interviewer: Now [givet the graph in Figure 7.1] we will look at volume, what do you 
expect to see? 

Dan: [while drawing d\e graph in Figure 72] Always inaeasing, but at the, at the 
beginning it will inciease. At the beginning... I believe dia^ ttie volume 
will go up, and then, and then it will just sort of like go up slower and slower 
and slower. I'm pretty sure that's what it will do. 



Figure 7.2 
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Dan divides his prediction into two parts: the first (when flow rate inaeases) and the 
second (when flow rate decreases). For the first he anticipates a sudden increase of vol- 
iime, whereas for the latter he anticipates a slow inaease. For the portion of decreasing 
flow rate he no longer holds the assumption of resemblance that volume will increase. 
On the other hand, his intuition is that the iiutial rise of flow r^^ will correspond to a 
similar sudden rise of volume. 

The interviewer asks whether the second part of Dan's prediction for the volume graph, 
corresponding to the deaeaslng flow rate, is a straight line. In order to understand Dan's 
answer let us identify two salient times in his predictior\: ti and t2, shown in Figure 73. 
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Dan: It will, this [after t^J will not be as, will not, its indine will not be as mudi as 
[between t^ and tj. It will readv it will reach ttiis point [t^J here and then it 
will start to even off sort of. It mig^t not, it mi^t be a straigjht line, but I, I 
don't tiiink it will I think it will be just wavy, you know ... It vdll always 
increase, but it won't increase as, as die amount of time did here [between t^ 
and tj] . . . Say we did, say ri^t here [between t^ and t^J it was, I don't know, 
say it went up ... 2 liters. Ri^t here [after t^], for a same interval as between 
whatever tius is [the time interval between t^ and t^l it won't be 4 liters, it will 
be 2 and a little bit, and dien it will be a little bit more, a little bii more. It 
won't, it won't be as much. Theam int of air going in will not be as much 
as it did in this piece [between t^ and t^J. And very much less the following 
seconds after. 

Finally Dan asks the computer to display the curve of volume versus time and gets a 
curve similar to the one shown in Figure 7.4. 

Dan expresses disappointment at the fact that the curve does not show what for him is 
the most important aspect a fast increase followed by a slow inaease. 

Dan: Nah, I don't know, it didn't really do that Didn't have that amount of 
volume. 
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Dan decides to lcx)k at the number values of flow rate and volume. In examining them he 
comes to the conclusion that the initial increase of volume did not appear because ''the 
flow rate was not so great." 

Dan: [Initially I expected that] it would go up more, but it didn't Maybe because 
that other line was rvot frie amount of . . . flow rate was not so great that it, it 
would make diis [a bump] and tiieninake it, rnake it go like that like make 
it go up and tiien even off like I thought it would. So, probably had, not 
having thie great amount of flow rate at the beginning, it just sort of went up, 
ar^ up, and up, but it, it, I think it, basically it did what I thought it was 
going to do. That it just sort of evened off here. 

Dan solves the discrepancy between his prediction for the initial inaease of flow rate and 
the observed measurements by using the ambiguity inherent in any experimental pro- 
cess. In a sense, he says, '^What I expected is there, but you can't really see it." 

Analysis / 

In this segment Dan begins to articulate an interval-based analysis for the variation of 
volume. In justifying his prediction for the volume graph that corresponds to the flow 
rate graph, he uses the increase in volume in the interval between ti and t2 as a standard 
arui compares it to the increase in volume in a similar interval after t2. He goes on to 
describe how the volume continues to change as more time intervals pass: 'It (the vol- 
ume) will be two and a little bit, and then it will be a little bit more, a litfle bit more," 
implying that each time the 'little bit more" will be smaller and smaller. This interval- 
based analysis of a change over time is a central phase in the construction of a variational 
approach. 

While Dan expresses dear and precise verbal descriptions for the change of volume as a 
deaeasing inaease (e.g., "sort of like go up slower and slower and slower"), the mapping 
between this notion and graphical shapes is unstable for him. He has an intuition that the 
graph should not be a strai^t line, but he has difficulty figuring out what else it could be 
(e.g., "it might be a straight line, but I, I don't think it will. I think it will be just wavy, you 
know'O. Thus, while he is articulating a verbal description of a deaeasing increase, he 
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has not yet attached a corresponding knowledge of graphs to his descriptions. Dan 
draws straight lines in his graphical predictions not because he knows that they should he 
straight lines, but because straight lines are sufficient for showing what, for him, are the 
most relevant features of the graph, namely, whether the function increases or deaeases 
and how quickly, relatively, different functions or pieces of a function change. 

Dan spends some time trying to explain how the volume graph behaves differently 
before and after the "peak" of flow rate. Before Segment 4 Dan explained this difference 
by assuming a resemblance: more flow rate means more volume (before the peak) and 
less flow rate means less volume (after the peak). In other words, before the peak he saw 
the situation as one of inflow, and after the peak it became for him a situation of outflow. 
In the current segment Dan no longer assumes this resemblance. He recognizes that there 
is inflow during the entire graph, but he must still account for the difference in the graph 
before and after the peak Dan comes up with a new solution: before the peak the vol- 
ume inaeases very fast, and after the peak it increases slowly. In constructing this solu- 
tion, Dan assumes a different resemblance that focuses on "abruptness": An abrupt 
increase in flow rate means.an abrupt inaease in volume (before the peak) and a slow 
decrease of flow rate means a slow increase in volume (after the peak). This new resem- 
blance links the speed at which volume changes with the speed at which flow rate 
changes. Thus, it is a different resemblance, since it deals with rate of change, rather than 
just increase and deaease. 

A graph like Figure 7.5, which echoes a peak in the volume graph, ieems plausible; we 
have, in fact, seen similar predictions made by several people who know a fair amount 
about calculus. Why is it false? Consider this graph (Figure 7.5), an idealized version of 
the one in Figure 3.2. 



Assume that intervals a, b, and c are equal. The average flow rate during the interval a is 
less than the average flow rate during either of the intervals b ca* c. Therefore, the amount 
of increase of volume during interval a is less than the inaease of volume during either b 
or c. The graph in Figure 7.6 could be a curve of volume versus time corresponding to 
the one in Figure 7.5. 
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The peak of Figure 7.5 corresponds to an inflection point in Figure 7.6. The curve Dan 
produced with the apparatus did not show the pattern of Figure 7.6 because the increase 
of volume corresponding to interval a was too small to be noticeable as an inflection point 
in the experimental curve. (In fact, Dan used a similar argument about an insufficient 
increase in volume to explain why his experimental curve did not show his anticipated 
sudden initial rise of volume!) 

In describing the curve he expects to see, Dan is able to use a variational approach for the 
slow decrease of flow rate, but for the sudden inaease of flow rate he assumes a resem- 
blance between the speed at which flow rate and volume change. One element that may 
have played a role in his clinging to resemblance is that a sudden inaease is more likely 
to be perceived as a change between two dose times, rather than as a sequence of 
changes. In ♦^his sense it is harder to develop an interval-based analysis for a sudden 
change. In other words, an interval-based analysis requires a concept of air flow chang- 
ing over time, rather than "jumping" suddenly from one value to the next. The unit that 
Dan uses to split the time into intervals is the entire duration of the sharp increase of flow 
rate, elimirtating the possibility of looking at the sharp increase as a sequence of intervals. 

Conclusion 

This paper has analyzed how high school students tend to solve problems of prediction 
between a function and its derivative by assuming partial resemblances between them. 
We observed this tendency in different physical contexts, such as in motion (translation 
between position and velocity), in fluids (translation between flow rate and volume), and 
in number-change (translation between a list of numbers and the list of its accumulated 
values or its differences). These assiraiptions of resemblance lead to a particular 
approach to problems of prediction between a function and its derivative, characterized 
by forcing a match of global features of the two graphs (e.g., increasing/decreasing, sign) 
and by focusing on one of them (function or derivative) ratiier than on their relationship. 

The use of resemblances is not the result of the student's inability to distinguish between 
the function and derivative. Several perceptual and cognitive aspects of situations of 
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change support the plausibility of such resemblances. We described three such aspects: 
semantic cues, syntactic cues, and linguistic cues. We compared resemblance approaches 
with variational approaches, which are based on the analysis of the local variation of a 
function and tinderstanding how it is described by its derivative A variational approach 
focuses on the relationship between a function and its derivative rather than on the global 
properties of each graph We distinguished several variational approaches according to 
the matiiematical entity tiiat is used to describe tiiis relationship (e.g., steepness, sbpe, 
local accumulation). 

The construction of a variational approach is a complex process tiiat we attempted to 
illustrate through the arudysis of a 17-minute learning episode. Hiis episode was built 
around a co<onstruction, by student and interviewer, of some insights tiiat support a 
variational approach, such as an interval-based analysis for th? variation of a function and 
the development of a connected story that recognizes that change over time in volume is 
described by its derivative, flow rate. But tiiis development is not a monolithic insight 
Even at the end of the learning episode, the student used a new resemblance to account 
for some troublesome aspects of his exf)erience. The case study also supports the impor- 
tance of our technique of using physical contexts to provide students witii tools to explore 
mathematical ide^s from a vanety of directions, and gives us insight into how these tools 
help frame the interviewer/student discourse through which learning occurs. 
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